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4D supersymmetric gauge theory

>

>

>

In the past decades, a lot of progress has been made in the
study of supersymmetric theories.

People have invented a plethora of protected quantities that
capture the dynamics of the system
Supersymmetric indices

> Witten index [Witten,1982]

» Superconformal index
> .

Topological invariants [Witten,1988]

» Donaldson-Witten invariants

» Vafa-Witten invariants [Vafa,Witten,1994] [Manschot,Moore,2021]
Those quantities depend on the global structure of the gauge
group.
SU(2) vs SO(3), SU(4) vs SO(6) for example.
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Witten index on 7% witten,2002] [Tachikawa,2014]

» Consider 4D N = 1 pure SU(2) theory, there are two super-
symmetric vacua|Seiberg,Witten,1994]

u-plane

X X

Monopole Dyon

» The Witten index on T* (large radius) is

ISU(Z) = TI‘(—I)Fe_ﬁH =14+1=2
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Witten index on 7%
» Consider the gauge group to be SO(3) = SU(2)/Z, instead.

» On R*, the local dynamics are the same, we still have two
vacua.

» This is not true for T*, one actually gets
TIsopy =2+7=9=8+1

» From Hamiltonian point of view, the extra seven states are
contributed by the non-trivial flat SO(3) bundle character-
ized by the discrete "t Hooft flux.



U Xi
» Consider a T? parametrized by x;,x;(i,j = 1,2,3) and de-
note the holonomy along x;, x; as U, V € SU(2) and consider
VIIUTIVU = (—1)%
» If the gauge group is SU(2), for a flat configuration one must
have w;; = 0.

» However, if the gauge group is SO(3), w;; = 1 is also ac-
ceptable, since —1 € SU(2) projects to 1 € SO(3).




wjj € Zy 1s the obstruction of lifting SO(3)-bundle to SU(2)-
bundle.

On spatial 77, there are totally 2°> — 1 = 7 non-trivial flat
SO(3) configuration characterized by wi,, wy3,wi3. Each
contributes one vacuum.

wj; are also known as discrete *t Hooft flux. Originally, it is
realized by imposing a twist boundary condition for SU(2)
gauge field [t Hooft, 1980]

.0 _
A, (x, =a,) =Q, (A,,(x# =0) — l@xy> Q!

where A, (x, = a,) and A, (x, = 0) are glued via a gauge
transformation ,,(x # x,,)
wjj are encoded as

1

(_l)wij = Q‘_l(xj = O)Qj_](xi = ai)Qi(xj = aj)Qj(Xi = 0)

which are gauge invariant quantities.
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Discrete 't Hooft flux as 2-form background

» Recall that, if we have a complex scalar ¢(6) living along a
circle with a twist boundary condition

$(0 +2m) = e“¢(0)

If we consider a singular gauge transformation

then the scalar is periodic at the expense of introducing a
U(1) holonomies.

» Similarly, one can perform a singular gauge transformation
to eliminate the twist boundary condition at the expense of
introducing a 2-form background

1
b= E Zwl]dxl VAN de
L

» Discrete 't Hooft flux <+ 2-form background



Given a theory with gauge group G, we may consider its
maximally covering group G with 2-form background b €
H?*(M,,Z(G)) and denote the corresponding supersymmet-
ric quantity as Zsysy [b]

» Zsusy|b] carries all information such that, for any G sharing

the same Lie algebra, one has

1 )
Ic,w = /T/ Z el@(b)ISUSY [b]

beH2(M4,2(G/G))

with A/ certain normalization factor, ¢(b) discrete torsion.
In other words, gauging the 1-form symmetry changes the
global structure of the gauge group [Gaiotto,Kapustin,Seiberg,Willett,2015]

From this point of view, the problem is best formulated in
terms of Symmetry Topological Field Theory (TFT).
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Symmetry TFT [Lakshya,Sakura,2023 (A review)] [Witten,1998]

My My x [0, 1]

» In the present case, the SymTFT is 5D BF theory
N [~
SBF == /B A dB
2T

» The 4D quantities can be expanded as

IG,L/J - top(Ga §0|eth|XSUSY>

» |xsusy) is "dynamics boundary state".

> |G, )p 18 "topological boundary state".

» Gauging 1-form symmetry is amount to changing topologi-
cal boundarv state
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Changing global structure of gauge group

|

Gauging 1-form symmetry/summing over 2-form background

I

Switching topological boundary state in SymTFT



The motivation of this work is to study 4D supersymmetric
invariants using SymTFT, focusing on the global structures
of the gauge group.
We consider three concrete examples
» Witten index on T* (Spin)
> Superconformal index on L(r, 1) x S' (Torsion) [Razamat, Willett,2013]
» Vafa-Witten invariants on CP, (Non-Spin)
They are formulated on spin, non-spin and torsional mani-
fold separately

Through those examples, we will work out the details of
topological/dynamical boundary state on various manifolds
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5D BF theory as SymTFT
N

— B A dB
27 Myx[0,1]

SBF =

> Here B and B are two-form gauge fields.
» For any closed 2-cycle I' € H,(M,), one can construct two
gauge invariant surface operators

U[l'] = exp h{B] . Ul = exp [%E]

and they satisfy the quantum algebra
UNU[I"] = w ¥EM g ulr)

in the Hamiltonian picture. K[, I"] is the intersection num-
ber and w is N-root of unity.
» Moreover, they satisfy

UMD = UMD =1,



Boundary states

» Topological boundary states are 1-1 corresponds to maxi-
mally commuting set of operators
» Among them, there are two canonical boundary state
» Dirichlet boundary state |b) (Diagonalizing U)

UT)|b) = w/ |y,  UL]|b) = b — )
» Neumann boundary state |b) (Diagonalizing U)
UMby = w!/ "1B),  UT]|b) = |b+ )

» They are related by

. 1 .
B) =

» Identify b as the 2-form background of the 4D theory, the
dynamical boundary state is constructed as

|XSUSY> = ZISUSY[]?] ’b>




SL(2,Zy) and Pontryagin square
» The 5D BF theory is invariant under an SL(2, Zy) transfor-
mation generated by S and T

S: B— E, B — —B,
T: B—~B, B—B+B.
S-transformation switch U/U
VsU[T|VE = U], VO[TV = U[-T]
and T-transformation generates

V,U[DVE = U0, VeUDVE = San(l)

» Here the generic surface operator is

Stemy[I'] = exp |:lj{ eB + mE]
r



» In particular, one has
Saulr] =esp i § 43 =t PFOUTIDN)
r

where B(7) is the Pontryagin square maps H*(My, Zy) to
H* (M, Zoy)

| yUy (Nisodd)
m<7)_{7U7+7U167 (N is even)

» One can work out

Vslb) = A= 37, WK ) — |5 = b)
Vrlb) = w*%f‘ﬁ(b)’m

Vs switch D/N boundary state, V7 stack an SPT phase.
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Figure: Topological boundary states for N = 2
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Figure: Topological boundary states for N = 4
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Figure: Topological boundary states for N = 8



Witten index on 7%
» On T*, the 2-form b-field can be decomposed as

1 ;
b= td" Ndx' + 5 > siedyd A dx*
i i,k
and we can denote |b) = |(t1, 1, 13), (51,52, 53)) = |(¢,5))
» S-transformation switch |(¢, s)) and |(z, 5))

» T-transformation stack a phase

Vr|(,5)) = w™[(2,5)



» The dynamics boundary states are constructed as following [witten,2002]

G Center Dynamical boundary state | ysusy)
SU(n) Z, (=105, drsol (5,5))
Sp(n) Zo (=1)"(n+ 1) 22 s Onrsol (2,5))

Spin(2n+ 1) Zy (—=D)"(2n—1) Zt,s |(2,5))
Spin(4n + 2) Ty —4n3_,  Orsol(t,s))

Spin(8n+4) | Zo x Zn | (8n+2) 3, op g Orstrs ol(£:8); (£,57))
Spin(8n) Zo X Lo | (8n—=2)37 o Orstrsol(t5); (7,5))
Es L3 12 Zt,s 621'870’0’ 5))
E; Lo —18 Z,’S5t-s,0|(tys)>
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» For example, for SU(N) theory, the dynamical boundary
state is

|xsusy) = W= 11\7Z5m0| t,5)

» The Witten index of SU(N) is
Z[t=0,5=0] = Tr(—1)" = ((0,0)|xsusy) = (-1)""'N

» The Witten index of SU(N)/Zy is

((0,0) [xsusy) = (—D¥ 1S (eed (N, b))

» For N = 2, one has

<(6a6)|XSUSY> =—1-8=-9



2 9 9
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Superconformal index on L(r, 1) x S!

» Let’s then consider the 4D A/ = 1 superconformal index on
L(r,1) x S

T —Tr [(_1)F qb—%kxzngrkyz]g eimﬁ} 7

» Using localization technique, the index can be reduced to
an integral along the flat configuration, characterized by the
holonomies.

» The holonomy along S! is denoted as U
» L(r,1) = $*/Z, has a torsion 1-cycle C, such that rC, = 0.
We denote the holonomies along C.. as V



» If we turn off the ’t Hooft flux, then U and V commute and
both lie in the Cartan torus.

» However, since C, is torsion, one should have V" = 1 and
elements of V are discrete and are labelled by

m = (mlamb e amrank(G))

» Then the index in the trivial sector is
rank(G)

dz;
_Z |W(m |f H (2mz1) m(Zi)
H Iy (m(a), eia(a)) H H ]>(<Pz) (m(w)7 eia(w))

a€roots =1 wep;



The discrete ’t Hooft fluxes are characterized by the follow-
ing two quantities

uovu~'vl=u V =y
with u, v lying in the center Z(G), they project to flat con-
figuration of G/Z(G).
U,V are defined only up to multiplying center w € Z(G).
Therefore

v~ vw”

u also satisfies u” = 1 because
(V) =u"'V" = (UVU_I)’ =UvVuUl=vsu =1.

In particular, when the center is Zy, one has u"¥ = vV =1

such that

WEAN) ] oy Eed(nN)

The index in the twist sector is similarly obtained by

I{M, V] = Z :Z:U,V

UvU—'v—l=uy Vr=y



» There is only one closed 2-cycle I'y = C; X S! and corre-
sponding operators U[I';], U[I";]. They satisfy

Uil = U] = 1land UL )N = U]V =1
and they combine to
U[F]}ng(r’N) _ INJ[Fl}ng(”’V) -1

» Those operators commute with each other since I'; has no
self-intersection number. It seems the Hilbert space is trivial



» Actually, one should include another 2-surface I'; such that
8F2 =r CT

and consider the operators

U[l';] = exp [i ?i B} . U] = exp {i 752 E}

» Since [, is not closed, one might worry they are not gauge
invariant under the transformation

B — B+d), IN3—>IN3+dX,

since by Stokes theorem

Ul — wJe- "UID,),  U[Ds] — W ler AU[T,]

» However, for level N BF theory both B, B and A, \ are Ziy-
valued instead of U(1)-valued. One may check the follow-
ing operators are gauge invariant

U[Dy]506m | O0,]500m,  k k=0, ged(r,N) — 1



» In summary, we have two kinds of operators generated by
(U0, U[D)s=em ), (T[], D[ )

» The intersection number between I'; and I'; is one, therefore
we have

{ U[rl]f][rz]ﬁ — o EEm U[T,) =10 Ul

6[F1] U{FZ] m = w+ ng}(vhN) U[Fz] ngl(vr,N) (7[F1]

» The Dirichlet boundary state |b;,b,) is parameterized by
two Zy-valued number by, b, satisfying

ged(r,N)by =0, by ~ by + ged(r,N)
with
{ U[F1]|b1N, by) = wh ]bl,bz)N
U[T,)=009 |by, by) = widem by, by)
and

U[Fz] ged(r,N) ‘b17 b2> = |b1 — m, b2>

{ U[Ly]|b1,bs) = |by, by — 1)



» The holonomies u, v are identified as

u:wbl, b

V=w
and using ged(r, N)b; = 0, by ~ by+gcd(r, N) one recovers
ugcd(r,N) =1, v~ ngCd(r’N)
» The S/T-transformation acts separately as
Vsl(b1 b2)) = gegtrmy s agem, "1 (81, 85))
Vi|(b1,b2)) = w2 13O (b, by))
with
Nk,
ged(r,N)’
» The dynamics boundary state is then constructed as

Ixsusy) = Y _ Z[b1,bo] |1, by)

by1,b>

M,y = {bl - by = kalki, ky € chd(r,N)}



Pontryagin square
» The Pontryagin square is

B(b) =bUb+bU,;6b mod 2N (N is even)
P(b) =bUb mod 2N (N is odd)

where
b=biy,+bm

and y;, 7, are Poincare dual of '}, I'; satisfying
6y =0, 67 =r[C]

» The cup-1 product reads

/72U1572=r, /%U1572=0

which gives

_ [ 2biby+rb7 (N iseven)
/m(b) _{ 2biby (N is odd)



[Tata,2020]
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Figure: An illustration of the cup-1 product [[a]U; [8] where [ - - | denote the
Poincare dual. The thickening of § is given in both the positive and negative
directions of the Morse flow (both directions pointing away from the central
red curve). And [[a] U; [3] measure the intersection between « and the
thickening of 3.


QIANG JIA
[Tata,2020]


Conclusion
Changing global structure of gauge group

|

Gauging 1-form symmetry/summing over 2-form background

|

Switching topological boundary state in SymTFT

» We analyse the SymTFT formulated on various kinds of
manifold, Spin, torsion, non-Spin.

» We use SymTFT to study the supersymmetric quantities of
gauge theory, focusing on the global structure of gauge group.





