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Motivation

® Quantum chaos is important: chaos bound, black hole signature, etc

® Signature of quantum chaos: spectral properties, OTOC Lyapunov exponents,
etc

F(ty, t3) = G(t12) F(O(t)T0'(0)T0(£1)07(0)) ~ f(typ)e* Tz Ty = (t1 +t23/2,  tip =t —t;
® There are pros and cons...
® In some context (e.g. SYKs), OTOC admits alternative interpretation
of operator-size.
F(&) ~ N, Y(O) = ECiyp. i ¥ 192 b, N(©O) = T |G, i, )
® Lyaponov exponent: operator spreading exponentially (scrambling)
® Measure of quantum chaos by operator-size growth?
® Subtlety: in general no intrinsic operator basis to define operator-

size, such as Yt ...yin



Motivation

® A natural choice of operator basis: Krylov basis (181208657

initial operator 0 + dynamics H + operator norm (.) — dynamically generated operator basis

Recursively defined
0o =0, Ap=i[H 0y 1]+bp_10n_y Op=by'Ay, by= (An’An)l/z
Lanczos coefficients {b,}: to ensure orthonomality (0, 0,,) = pmn

. . .. _B _B
Natural choices of (.): (i) (4,B) =Tr (A*B); (ii) (A,B) =Tr (e 2" A* e 2"'B)

Non-Hermitian Hamiltonian dynamics: diagonal terms

® Krylov complexity: “average size” in Krylov basis

0(t) =eM0e ™ =3, 0,(t) O, K() = Znnlpn(t)]?
emergent “wave” dynamics: @, (t) = bp@n_1(t) — bpy1@ne1(t)
K(t) completely determined by {b,}, t > 1 & n>»1

{b,} determined by auto-correlation function G(t) = (0(t), 0) by moments expansion

® Exponential growth K(t) « e?*t: signature of quantum chaos?

tlim K(t) x e?* « lim b, xan
—00

n—->0o

QM: saturation for large n; b, = 0 for n > dim H,,,;



Motivation 3

® Problems with Krylov complexity (as a measure of quantum chaos)

B In general, it does not equal to the Lyapunov exponent: » < 2a (using trace norm)
B Discrepancy at maximum: a > 0 even for free CFTs » =0

B Question: to what extent does Krylov complexity reflect quantum chaos (defined by x)?

® Heuristic perspective:

B Krylov complexity completely determined by auto-correlation functions: G(t) = (0(¢t), 0(0))

B Lanczos coefficients {b,} from spectral weight of G(t): (i) finite sequence < discrete spectrum; (ii)
saturation < bounded spectrum; (ii) linear growth < exponential decaying weight

m They reflect properties of: (i) energy spectrum; (ii) matrix elements + norm

M Relation to OTOC is obscure, if not independent (e.g. CFTs with finite 8 norm)

® Key insights: why does 2a overestimate »?

B K(t) =Ynl|e,()|?: assigning “chaotic measure” =n for the Krylov basis 0,

B InSYKs, F(t) =(N)_ =3,N(0n0n) 0n() 0 (t), N isthe operator-size super-operator

o(t)
B K(t) v.s. F(t) — N(0,,0,) v.s. N6,

B Intuition: overestimation in free theories because (1\7)0 =1<n

n

B Goal of the work, understand this comparison in more general terms
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General framework: Krylov metric

® OTOC as a super-operator

® Krylov complexity as a super-operator

® Thus, OTOC in terms of the Krylov metric K,,,

® Krylov metric: "bridge” between Krylov dynamics and OTOC

® Encodes what is missed from the Krylov complexity

F(6,6) = ) Konn 9m(t)0n(t),  Kn = (Om V 0, )
mmn



General framework: Krylov metric

OTOC as a super-operator

Krylov complexity as a super-operator

Thus, OTOC in terms of the Krylov metric K,,,

Krylov metric: “bridge” between Krylov dynamics and OTOC

Encodes what is missed from the Krylov complexity

Hypothesis for fast scrambler (quantum chaos):

B Krylov complexity grows exponentially in time, i.e. a > 0
m Off-diagonal elements parametrically suppressed: K, < Kun,

M Diagonal metric: power-law growth, i.e. K,,, « n*, » = 2ah

® Examine these hypothesis in models with known chaotic properties



General framework: Krylov metric

® Intuition for the hypothesis:
B exponentially growing Krylov complexity: @ >0 — b, «can forn>1
Krylov dynamics with such b,, wave eqn: ¢, (t) = 2an 0,9, (t) = @,(t) « f(n — e??t)
Att =0, ¢,(0) = 6(n), soroughly: @,(t) ~ §(n— e?*")
If the Krylov metric satisfy: (i) diagonally dominant; (ii) K,,, ~ n"

F(t) = Xmn Kmn @n(0)*0m () = Xn Knn 5(71 - eZat) ~ e2aht
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® Intuition for the hypothesis:

exponentially growing Krylov complexity: « >0 — b, x an forn > 1
Krylov dynamics with such b,, wave eqn: ¢, (t) = 2an 0,9, (t) = @,(t) « f(n — e??t)
Att =0, ¢,(0) = 6(n), soroughly: @,(t) ~ §(n— e?*")

If the Krylov metric satisfy: (i) diagonally dominant; (ii) K,,, ~ n"

F(t) = Xmn Kmn @n(0)*0m () = Xn Knn 5(71 - eZat) ~ e2aht

® Examine these hypothesis in models with known chaotic properties

B SYK models (coupled to heat-bath)
B Luttinger liquids

B Many-body localized (MBL) systems

® Tricks for computing Krylov metric (valid in all examples)

Known results for OTOC: F(tq,t,)
Special form of the Krylov wave-functions: ¢, (t) < h(t) y(t)"

F(ty,tz) = F(y1,¥2) = Xmn Kmn R(y1)"h(y2) yT' ¥ Y12 = y(t12)
Krylov metric obtained from double series expansion of F(y;, y,)h(y1) th(y,)~?!

F(y1,y2)
I D r(y)h(2)

Equivalently via contour integrals: K,,,, = 4—711295 dy:$ dy, s
Y1
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Example: SYK model

SYK couple to bath

— A A A A 14 T T T T
H = Z Jijia XiXjXk X1 + Z Jabca Ya¥p¥Wca M > N
i<j<k<l a<b<c<d
s s T 2 _6]2 T 6]? 2 2u?
+ 2i<]_za<b Uijab XiXjPaPp ijkt =5 Jabea =735 Uijab = yapz

B The model has been studied under large- N and low energy limit with ] > 1
B ForO ~ %y,G(t) = (cosh(at)) ™22, a = /B, A = 1/4, independent u/J

B Krylov dynamics (finite ) coincides with original SYK: Krylov exponent a

tanh™(at) / r(2A+n)
bn = O(\/Tl(n + 2A — 1) ’ (Pn(t) =Dy cosh2A(qt) ’ Dy = (n+1)T'(24)

o20hT1; VKA T akE— i
B F(ty,6,) = ft)e™ = Co oo, b= (1= 20 =22

B Lyapunov exponent n = 2ah

M Ask — o, 1 — 0 system transits into non-chaotic dissipative phase



Example: SYK model

B Krylov metric can be computed analytically:

tanh™(at
B, () = Dy iini it = ROy ()", ¥(t) = tanh(at)

(1+y)"1+y)"
B cosh®(at;) cosh®(aty) F(ty, t2) & 22 =o5 = Fomn Do DnKnn Y1"V5

. rza) rza) 2 3F(-m,—n,h+2A;h—m+1,h—n+1;1)
" Ko = \/l"(n+1)l"(2A+n) \/l"(m+1)l"(2A+m) F(h+1)7x I'(h-m+1)I(h-n+1)

B Asymptotic behavior from saddle-point analysis:

dy; ¢ dy, (1+yp)"(1+y,)h
y{l+1 y5n+1 (1_y1y2)h+2A

B Coefficients from contour integral: K,,,, = D,'D;1 ¢

M Asymptotic limit m,n > 1, semiclassical limit of effective action: S.rr = (n+ 1) Iny; + (m +
Diny, + -

M Leading order behavior from saddle-point approximation: finding (y;,y;) minimizing S f

N h2+2(n—-m)(m+A)+/ h*+4(n-m)2A2+4h2(mn+(m+n)d)
" n=- 2(h+n—m)(m+24) Y2 =

_ hZ+2(m-n)(n+A)+yh*+4(n—m)2A2+4h2(mn+(m+n)A)
2(h+m—-n)(n+2A)




Example: SYK model
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B Summary of asymptotic behaviors:

B Fordiagonalm=n>1: K,,, ~n

B For (parametric) off-diagonal n = L(1 —A),m =L(1+A1),L »> 1: K, mn-m K,,m2h-1

B Intriguingly: % o« h(1—h) ash — 1,0, Krylov metric approaches exactly diagonal there
nn

(a) . closed formula
4907 ___ saddle analysis

log (Knn)
&

&

4.601

4.6 4.8 5.0
log(n)

h=3/4

(b)

log (Knn)

closed formula
0.04 —— saddle analysis
0.00
|
o
il
B
)
i
=
-~
-0.04 |
i
456 48 5.0
log(n)

« closed formula
—— saddle analysis

-6 -4
log(A)

h=3/4
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B Summary of asymptotic behaviors:
B Fordiagonalm =n>» 1: K,,, ~ n"
B For (parametric) off-diagonal n = L(1 —1),m = L(1 + A),L > 1: Kpymn-m® Kpym 2P~1

B Intriguingly: Kntin o h(1 = h as h = 1,0, Krylov metric approaches exactly diagonal there
Knn

B Checking against the hypothesis (chaotic for h # 0):

m Krylov complexity: grows exponentially in time \/
m Off-diagonal elements: parametrically suppressed \/
m Diagonal metric: power-law growth \/
(a)
(a) - closed formula (b) - closed formula 21 % «  closed formula

4.90¢ 0.04

—— saddle analysis —— saddle analysis —— saddle analysis

0.00

-0.04 |

log (Knn)
b
log (Knn)

4.601

4.6 4.8 5.0 4.6 4.8 5.0 -6
log(n) log(n)

4
log(A)

h=3/4 h = h=3/4
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Example: Luttinger liquid
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Giamarchi, Quantum Physics in One Dimension
H=2[dx[x(Vh0))" + K(nl(@)*]| = = [ dx [2 (V)" + K(V0(0))]

1
[cl)(x),EVG(x’)] =i6(x —x") VO (x)/mt=T(x)
B Finite temperature correlation functions between general vertex operator:

B /= <Hj eiAj¢(rj)> = e%Zi<f[(AiAfK)F(ri_rf)], F(r) = %log [sinh2 (E) + sin? <E>]

B Bu B

B As a CFT, the auto-correlation functions are identical to SYK

B For V,(x,t) =:exp(ind(x,t)), A = Kn?/4, OTOCs can be explicitly computed:

C(ty,t2) = (V_n(t1 — 3 B/DVu(—iB/2)V,(t; — i B/BV_1(0))g

cosh(a ty;) — isinh(aT;) 24

- (cosh(a tyy) + isinh(aTq3)) cosh(a ty;)

a=m/B,t12 =t —t3;T12=t1 + ¢t



Example: Luttinger liquid
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tanh™(at)

B Same Krylov wave function as before: ¢, (t) = Dn st

= h(t)y(t)", the

Krylov metric K,,,,, can be obtained by similar expansion technique:

cosh(atq,)—i sinh(2aT; ) 24
cosh(atq,)+i sinh(2aT; )

u Zm,n Om () On(t2) Kmn = F(ty,t3) = COSh_ZA(O‘tlz) <1 - [

ay, ¢ dy, [ GoiyDa-iyy
m = — - - : 2[ iy ]
Kmn = 8mn — D(m)™'D(m)~1 ¢ YL YA | (hiy ) (1+iy2) (1-y1y2)

B Unfortunately, analytic expression for K,,,;, cannot be yielded.
B Saddle-point methods for extracting asymptotic behavior:

m+n
B Forgenericm,n>» 1: K, ~ (—1) 2 (mn)3~1/2

B Along the diagonal: K, ~ (—1)" n?2-1

A-1/2
B Along off-diagonal (orthogonal): Kyp(1-2)na+2) ~ K,m(l — /12) /



Example: Luttinger liquid
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Krylov metric results

B K, ., alternate in phases of /2, like a “check box”

B Off-diagonal comparable to diagonal, i.e. no
parametric suppression

B Lead to interference/cancellations, despite power-law

increase along diagonal

(©)

6.4

IOg(_l)n(l - Knn)

6.0

numerical result
—— saddle analysis

(b)

7.090

7.075

l0g|Kmn|

7.060

4.6 4.8 5.0
loa(n)

numerical result
—— saddle analysis

-0.06 -0.03 0.00
log(1 —A?)
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Krylov metric results () e et
ol s saddle analysis
B K, ., alternate in phases of /2, like a “check box” 5
|
B Off-diagonal comparable to diagonal, i.e. no :;62
76,
parametric suppression 3
B Lead to interference/cancellations, despite power-law .
. . . 4.6 4.8 5.0
increase along diagonal loa(n)
(b)
B Checking against the hypothesis (integrable): - osnl ::ﬁ;‘;‘arlizﬂt
B Krylov complexity: grows exponentially in time \/
m Off-diagonal elements: parametrically suppressed X 3
B Diagonal metric: power-law growth v 87.075

B Distinction from free theory/dissipative SYK limit:

u Kmn ~ 5mn

7.060

-0.06 -0.03 0.00
log(1 —A?)
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Example: MBL 16

Effective Hamiltonian: Serbyn, Papic’, Abanin, 2013, Huse, Nandkishore, Oganesyan, 2014, Vosk E. Altman, 2013

i
ZZ]UGZG +thz, i,j €[-N/2+1,N/2], withN - o Ej)=]2exp<| E]|>,(h?)=h2

l#—']

u azi: emergent conserved local charges
B Krylov basis constructed using (4, B) = Tr(ATB), i.e. infinite temperature norm

B Auto-correlation function computed from multiple tricks of pauli matrix identities:

B C(t) = (02(1),02(0)) = Tr(etcleH6Y) = [0 cos(2/o;t) cos(2hyt)

2

ez o 2 —1jl/% 2
B Ensemble average: C(t) = [];xo cos(Z]ojt) cos(Zhot) = e 27, y* =4]* Y. 0e /> + 4h
B Krylov dynamics for Gaussian auto-correlation function are also known analytically:

YZ tZ ntn

mC)=e 2z > by=y/n - @,O)=e TVW
B Also of the form: ¢, (t) ~ h(t)y(t)™; expansion technique for computing K,,,,, can

still be applied, if OTOTC is known.
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B OTOC defined as: F(ty,t;) = —~ X Trlo2(t,), o] [02(t,), o7']
B Through (more) tricks of pauli matrix identities, can be computed:

B F(ty,t;) = C(T12) + Xmz0€0S(ZomT12) [z0m C05(2]0jt12) COS(Zho (t12))

Y2 o Y2 o _Y? 2
B Ensemble average: F(ty,t,) = 2e 2z 12 — ~e 2 Tiz _ ~ Ym0 exp(—8/2e~ml/8¢ t,) e 77 12

B For late time J2t;t, /€ » 1, approximate 8/2e~™I/3¢,t, < 1 by 1; others by 0

B Yoexp(—8/2e Mt t,) ~ (N — 1) — 2Elog(8/°t, ;)

2 _ﬁtZ 2 _ﬁTZ 2 2 _ﬁ tZ
| F(tl,tz)zﬁe 2 lz—ﬁe 2 12+ﬁ£ln(8] tltz)e 2 12

B For MBL systems, OTOC grows logarithmically: F(t) ~ 4Wéln t

vmml YA (12412 ————  2vmmi [ .2 2 2
WYt K, = yTr::; 02 (t2+t2) F(t,,t,) ~ Ny”ﬂi; (ev tity _ g=Yvitatz 4 ZEln(S]Ztltz) eV tltz)

B RHS dependsonlyon t;t, > Ky = Knnbmn
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B Diagonal elements only, obtained from a single contour integral:

o2 2=1)"  2&n! o dx 8J2 X
u Knn"’ﬁ_ N + N Sﬁxn+1ln<?x e

B Asymptotic behavior from saddle-point approximation:

2
m K, ~ 2len (%n)

(d)

Knn

10.2

9.8

9.4

—— approximation sum

numerical sum

4.6

4.8 5.0
log(n)
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B Diagonal elements only, obtained from a single contour integral:

N N xn+1

2 2(-D"  2&tn! . d 8J2
B K, ~=— + Nngﬁ xln(y—zx)ex
B Asymptotic behavior from saddle-point approximation:
B K ~2—§ln (iizn>
nn N YZ

B Checking against the hypothesis (non-scrambling):
m Krylov complexity: grows exponentially in time X
m Off-diagonal elements: parametrically suppressed \/

m Diagonal metric: power-law growth X @

10.2

numerical sum
—— approximation sum

Knn

9.8

9.4

4.6 4.8 5.0
log(n)
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B |In some models (SYK, MBL), the OTOCs describe operator-size growth:

B () = Sithiy i (O Xiy i, = Xi Tr (o), x3o(®), xi} = Sin Wi, .0, (©)

B In these models, Krylov metric = matrix elements of size super-operator N:

B Ko = (0,]N|0,), NIO,)=n10,), 10.)=|xi, - xi,) or |0i1 . Gi">, o; € {x,v,2}

oq """ T An

B Hyper-fine structure of Krylov metric:
M Resolve into distribution of operator-size £: I - Y., P(£)

B Ky = Z{’ Kmn(£), Kun(f) = <0m| Np(f) |0/n) =7 p(f)mn

B May shed more light on the relation between scrambling and Krylov dynamics

B Operator-size distribution from generating function

B Define: Z(ty,ty, 1) = <0(t1)| e HN |0(t2)> = Yimne PP mn Om(t) n(t)”

III

B u is “chemical potential” for operator-size

B P(f),,, fromZ(ty,t,, 1) by: (i) conversion to Krylov basis; (ii) inverse Laplace transform on u
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SYK TFD aqj, streicher, 2019

B Generating function at finite temperature (using finite  operator norm)

B Size-distribution in the operator ~'smeared” by the thermal density matrix
m 0- p1/4-0p1/4-

B Size super-operator N defined as:

B (y|N|y) = <X (%) E + %Zi)(i (%) )(i(o)] 14 (%»B' out-of-time-ordered

B Generating function from re-summing multi-point OTOCs:

m Z(utt) =e s Zn%(‘(rxl (. +35) |-tz (D) Xi(O)]n x Xtz + ﬁ))ﬁ

4 4

B In generic context, computing this quantity is impossible!
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Scramblon mode Gy, Kitaev, Zhang, 2022

0, 6
WVAVAVAVAVAVAVAVE R | ﬁ’ = TRJ”(HQ) 4\&( = T/‘J"(Hl‘.’) Z(/‘L tl~[2) -
6, )

B For models with near-maximal chaos, the relevant dynamics captured by the

effective description in terms of the “scramblon” mode:

4
elz(ﬂ+93+e4—61—92)

B scramblon mode propagator A = — , ®=Lyapunov exponent, ® <1

c
Advanced/retarded vertex function: Y?/4™(0,,) = Y™(0;,)
Explicit form of Y™(8;,) known for maximally chaotic SYK model

Stringy corrected form of Y™ (0;,) can also be derived, with #<1 (D. Stanford, et al 2017)

B Fort «logN, dynamics dominated by single-scramblon propagation:

1 m
—uN<——G(e )) o0 AN\™ 1
Z(ty,ty, ) =e 2 * z Y™(012) <%> EY1(934)’”

m=0
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B Plugging in the explicit ingredients, the generating function can be re-summed:

_HN(%_G)G oo dy 24 nm(tg+ta)

n

B Valid for generic % < 1, stringy effects: y — y1/*

B Inverse Laplace transform:

G {72A/M—1

1/n 2mtq -2ty
2TA 1(74 —_— —=
T ) X [—%(wtz)—;(—) (5 4 75 )]=Qf(t1)xczf(tz)

K
pA/-1/2 [ _2mA, _1(¢
[ | Q{’(t) = \/)_{KA/K ]"(ZA) e B Z(K)

B Factorized conversion into the Krylov basis: K,,,,(¥) = £],,,(£)],,(¥)

u p(tlit2:£) =

B Implication of factorization:
B P(9)|0,) =], () x |‘P€): distinct O, projects onto the same vector in H,,, ()

B Intuitively, |¥¥)is the permutation invariant vector in Hop )

B Consequence of permutation invariant Hamiltonian



Operator size distribution

WM /. () = size wavefunction of the Krylov basis 0,

B Obtained from expansion trick in Q ,(t):

5\1/
pA/*1/2 [F(n+1)G o d an (%) (2
u ]n(f) = VRKA/% F(:A+n) éynz1 (1 + :V) 2he 2(K> (1+y>

B Asymptotic behavior from saddle-point approximation:

JA(A—4) o — -
W Define (£/K)/* = n, Jo(£) ~n~"/2 [e : (—A e 4))]

B Typical size of 0,, at £ ~ Kn*

B Phase transition: (i) oscillatory for 1 < 4; (ii) exponential decay for 1 > 4

(a) /\ b))
0.1000

0.0125{ *.:I%

numerical result
saddle analysis

Jnll)

—1501

log (/n(£))
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MBL

B Generating function at infinite temperature (trace norm)
B Z(t, tp 1) = Tr[o%(t)e ™V ol(ty)|
B Applying multiple tricks of pauli matrix identities, we get:
B Z(yty,t,) =e M cos(ZhO(t1 —t)) Hjio(cos(Zjojtl) cos(Z]OjtZ) +e# sin(Z]Ojtl) sin(Z]Ojtz))

1l
—_— Y_Z 2 2 —-u U LA
B Ensemble average: Z(ut;, t,)e 2 (it82) = ¥tatzo-n [Tx0 <1+e + 18 o8/ fttze f)

2 2

B RHS only depends on t ty = Ky (£) = Ky () 6m

1+e—u)2§ ln(8]2t1t2)

: . . . — ¥
B Applying similar approximation: Z( t;, t;)ez (1+2) » eYZfl'fZe‘“( .

B K,, () follows the binomial distribution, which is asymptotically Gaussian:

(A=7%)°
3

K, (£) ~7\exp(— lnn), £ =Alnn
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MBL

B Size distribution of O,, is gaussian with average and variance:
W (¢)~&Inn, (§£2)~,/[Elnn
B Implication of diagonality: K,,,,,(¥) = K;;0,,,,,?
B For each H,,(?), distinct {Op,, 0,,} project onto vectors that are
orthogonal forallm # n

B A reflection of the underlying localization dynamics?
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B Krylov metric: bridge between quantum scrambling and Krylov
dynamics

B Criteria for fast scrambler:
1. Exponential growth in Krylov complexity
2. Diagonal dominance of Krylov metric
3. Asymptotic power-law growth along the diagonal
B Examined 3 examples:
B SYK-coupled to heat-bath (chaotic) : satisfy all 1-3;
B Luttinger-liquids (integrable): violates 2;

B Many-body localized systems (non-scrambling): violates 1 and 3.

B For SYK and MBL: operator-size resolved Krylov metric



Conclusion and Outlook
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Criterion as sufficient condition, how necessary? More examples.

Decomposition: ¥ = 2a X h: different aspects of quantum chaos?
Special status of Krylov basis: maximize “wave-like” dynamics?
Extract more insights from the operator-size distribution
Corresponding pictures in QFT, e.g. Luttinger liquids, relation
between OTOCs and operator-size growth is obscure, alternative
sign of Krylov metric a result of this?

Novel aspects of quantum chaos probed by Krylov metric?

Thanks



Supplementary: saddle-point SYK

Asymptotic behavior

Y12 = e%12 K, = D(m)_lD(n)_lfdeldez e—S(61,62)

5(04,0,) =mB; +n0, + (2A+ h) ln(l — 691+92) — hln(l + 391) — hln(l + 692)

_ he®1 (2A + h)ef1+92 B he®1 (2A + h)ef1102
1+ e% 1 — eb1t62 n= 1+ e92 + 1 — eb1162

m

o; _ h2+2n—m)(m+A) + \/h4 +4(n —m)2A% + 4h?2(mn+ (m +n)A)
T 2(h+n—m)(m+ 27)

05 _ h+2m—-n)(n+A) + \/h4 +4(n —m)2A% + 4h2(mn + (m + n)A)
T 2(h+m—n)(n+ 24)




Supplementary: saddle-point SYK

Asymptotic behavior

n=L1+A),m=L1-2),0<A<1, large L K,,, ~ L~t-13~2h-1
. 20+ h(1—2) —/R2(1—A2) + 4002 ot = i _ 200 = h(1+2) +/h2(1 = 22) + 4A02
01 =i~ 201 =) L 2 = 2IM1+ N T

K, ~ L7172 x (fluctuation)
Near (87,05), S(0,,0,) = S* + A, 1?6032 + A_L*A?602 + Yp+q23Spq 69}: 56049, Spq ~ Lp*ap4
Ay are O(1) constant, 86 are eigen modes of the Hessian matrix. At L > 1,

80, = 86, + 60, 80, = 60, — 860, 860,,=0,,—0;, Rescaling86, =806,/L 86_ = 86_/(L})

" 1 U s <aP<Fd
f dos, ™ ase e~ ZpaSpq 80350 — <f d 60, f d&0_e 2p.a5pq 69+89‘>
—Tr -1 - o o

L2
n=m-=1 K,, ~n"
0; =05 =— h ;LZA K,,, ~ n"*1 x (fluctuation)
S, ¥2) =S*+ Xpg Spq 804802, Sy, ~ LP Rescaling d0, = d0, /L
K,, ~n" Ky, ~ K lm—n|"21, L= myn

2



Supplementary: saddle point Luttinger liquid

Saddle point approximation

- cosh(at,) — i sinh(2aTy,)
z O (t1) P (t2)Kinn = F(t1,t;) = cosh™4 (aty,) (1 B [ - >
mn

cosh(aty,) + i sinh(2aT;,)

.

a="/B,tiy =t —t3, Tz =t; + 1,

. . A
dy, [ dy, (1—iy;)(1 —iy,) i
K, =8 — D(m)‘lD(n)_lf : .
mn = Omn yt Sy (1 + iy (1 + iy) (1 — y1y2)

=8mn —D(m)"ID(n)"?1 Jdeldez e~5(61,02)

N S 7 S 2iA n
"7 cosh 0, 1—e (01+62) " osh 0, * 1 —e—(01+82) 0
Inthe limitof m=L(1—2A), n=L(Q+2A), L>1
i 2iA m  2IA
1= I 2 05 =—— L't 4+ 0(L?
H R +0(L7?) : R (L72)

neglecting the subdominant §,,,,, term
Ko ~ (~1)EL281(1 — 22)"% « (fluctuation)
Ly2A-1 2)\A-1/2 min A-1/2
= (—1)L122-1(1 - 22) =(-1) 2 (mn)

alternating sign factor (—1)* comes from the imaginary leading order terms of 07 -



Supplementary: saddle point MBL

Saddle point approximation

m!n! Y_z 2,42
Z t' 3 Kmn = — € 2 (t1+¢2) F(ty,ty) =
mn Y
Kmn = KnnSmn

Do single contour integral x = y?t;t,

2 2(=D™ 2&n! [ dx 8J?
Kn ~ — — + f In| —x | e*
N N N xn+1 yz (d) numerical sum
10.2{ —— approximation sum
At n > 1 saddle point x* satisfies
gz \' i
n+1=x*+ln<7x*> > x*=~n X g
2 2(-1)" 2 8J? 2 8J*
Knnzﬁ— (N) +;ln<in>z—£ln<in> 9.4

y2

2vm! n!

Nym+n

(eYZ’:lt2 —e~Y’t1t2 4 28In(8)2tt,) eVztltZ)

N



Supplementary: size-distribution SYK

Size generating function Qi, Streicher, 2019
OTOCs are interpreted as operator spreading under time evolution

N|On>= n |0/n>

ol ..om >, a; € {x,y,2}

Xiy - Xi,) |0y O
F(t_1t.2) = (0|(t)N|0(t5)) K = (0,,|N|0,.)

Knn = ) Knn(©), Kn(£) = (0] NP(£) [0) = £ P(D)

P(#) is the super-projector into operator space with fixed operator size ¢

Z(ty tp) = (00| eV |0(6)) = D" e 4P () Pm(t1) Gnt2)"

lmn



Supplementary: size-distribution SYK

SYK TED Qi, Streicher, 2019
_ . 1
X} =28,  InH, @ Hy N = 2_5(1 + ixkx®) {xb X%} =
l
Using operator norm {a, B) = (I| o] B, |I) = Tr(a'B)

1
1) « Hl 1C+ 1Q), ¢ = _(Xl le)
Q) =, |Q)F ® |Q)R is the product state of the fermionic vacua for all Xl
(Xl +le)|I>—2C+|I>—O NXi1 in”):nxl Xmll)

B
ITFD) o e~ 4 FLTHR) |y
B By _Bn B
(W, Y2)rep = (I|e”8HLHHR Y =43y o=g(HLtHR)|
= Tr(p'/*yTp!/?yp!/*), p= e #H

this can can be understood as measuring the original operator size in the operator
“smeared"” by the thermal density matrix 0 — p/40p1/*



Supplementary: size-distribution SYK

Scramblon mode Gu, Kitaev, Zhang, 2022

0, 0
MWWV = 1 )i\ ='T"(8;5) \ﬁ = TA"(,,) Z(, tists) =

U
elz(ﬂ+93+94—91—92)

scramblon mode propagator A = — ;

2
retarded/advanced vertex functions YR/4™(9,,) 0,;=6,—-6, 0= il (t + it)

B

assuming time-reflection symmetry YR = Y4 =Y,
[0 0)

at maximal chaosu = 1 Y™(012) = j dy y™ h(y,012)
0

G . 1 8% v(m—04,)
h(y,0,) = TZh) y2A=le=0w2y G = Ecos2A (7> O, = cos[ 5 12 ]

A=1/q —my =B
COS(T)
2 ymeg DT
focus on the strong coupling limit v = 1, 0ToC = 2 oY (012) - Y™(034)
m= :
21 1 21U 31
91=—t+— 92:_t+_ 93:1T, 94_:0

B2 B 2"



Supplementary: size-distribution SYK

t <logN, Axe*/N <« 1 OTOCdominated by single scramblon exchange atm = 1

Z(u ty, ty) = <X1 (t), e (t2)>TFD

_wN _Ba +a _Bg
= ez (1|e 8 R b ()e 4’“2 Eml x "4k ()¢ 5| |

transform x® into xt = x, using (Hg — H)|I) = 0

(SixbaB)" e L () 8<HL+HR>| >
n(n-1) _Ba B
0P (e ) (e ) e g 6]

i1,i2,m0in
n(n+1) _B
= (=1 2 z (xll an)e i (t)e 8 L(xln xll) i 1>
i1,i2,m0in
= (=" Z (xll an)e Flyl(t)e #" (xll Xln) 1>
i1,ip,in

(.)=Tr(p..)

_HN 1
Z(wty,ty) =e 2 Z
" B

3
o Tx1 <t1 +%B> ’—g l_X <l§>Xl(0)

T denotes time-ordering in the imaginary time

n .
ip
X X1 <t2 + Z)




Supplementary: size-distribution SYK

1 m 1 |cos (nv) *
_ ‘“”<2—0<934>>Z°° m AN g, ym G(Oy,) =~ —7]
Z(tl, tz, }J.) =e€ szY (612) 2 m! Y (634‘) ( 12) 2 @12

included e*NG(®34) to factor out the disconnected contribution to the size operator N

Y1(085,)related to the size operator only contains those associated with single scramblon emissions
m = 1, this is the leading order contribution in t < log N

. 2T i 21 31
At maximal chaos® =1 0, =—1t;+=, 0, =—1t, +7,

B 2 B

OTOCmar = f i, j dy,h(y1, 012)h(yp, B54)e 212
0 0

63:0, 94:1'[

[e'e) [oe) et
Assignty =t; =t, t3 =t =0 = j d)ﬁj dy;h(yy,012)h(y;,03,)e €Y1
0 0

i . 0o co e_%t "
At sub-maximal chaosn <1 OTOC = j dylj dy, h(y1,012)h(y,, 054)e C (y1y2)
0 0

B J dylj dyz ﬁ(yl' 912)E(y2, 934)6_}:3/13’2
0 0

o5 (M+03+04—01-6;) 1/n-1

A=  R(y,0y) =~

- h(y'/*,8;;)




Supplementary: size-distribution SYK

1 [o'e) I~ 1
—uN(——G(934)> N AUNY*(03,)
Z(ty,ty,p) =e 2 f dy h(y,013) exp< = y
0

2
T[tlz
@12=C05h T ) t12=t1_t2, @3421
1 ™ ve) I['(2A +n)
A=——eB " YY(B3) =——G, G(B34) =G
Ce (634) [(24) (034)
1
B e_uN(E_G)G oody %_1 Mﬁ(té+t2) T[tlz 1w
Z(ty, ty,0) = r20) o Yxoexp —uKe y — cosh T y
0
_F(2A+x)uNG
~ 2l(2A)C
1 G *dy ~ T (t1+t2) 24 —cosh(@> 1/x
P(ty,ty ) = =—¢du e*Z(p ty,t - | = — Ke B 1T -1 B )Y
(¢, t2, ) Zﬂiﬁ W et Z(p ty, ty) F(ZA)jO ” 8({’ Ke y)y% e
G £28/7-1 2TA 1/7¢ 1/K( _2mty —Zﬁtz)
_ _- = B B
MKZA/”F(ZA)eXp 5 (ty +t5) >\ % e +e

~ 1 ~-\1/%
t=4—-N (E - G) (é) as an effective operator-size for u < 1



Supplementary: size-distribution SYK

-1/ 2
pA/n=1/2 G -2mA, 1 ﬁ) o B

JrKA% |T(28) €

P(tli t2t'£) — Qf(tl) X Q{’(tZ) Qg(t) =

Kmn (£) = fjm (f)jn (£)
f_len(f) = [L(f)-l- ) L(g)]mn = Jm(O)]n (), [L(f)]moc = (O, ), a € Hyp

H, is the operator space sector with size £ L(#) is of rank one

(O @) = (L) g = I (€) X W = P(O)]Opr) = Jn (&) x [ W), [W) =" wla)

aEH p

distinct O,,, share the same normalized projection |‘P€) into each operator space sector H,
Hamiltonian is symmetric under the permutation P(n) .the action is “ergodic" in each H,

We expect |lP€) to be the most permutation-symmetric operator state in H,

J.(£) can be viewed as the wave-function in operator-size of 0,,,



Supplementary: size-distribution SYK

~-\1/n
P/x1/2 [T +1)G [ d e G2
w =1, Jo () = \/ i «) (1%)

—2A , 2
k8% |Tza+n) §ynit L HY)0e
Rescale (¢/K)/* = An

_n(A—2) —2A £/ (nk — 24)% — 4n2)
B 2(n + 24)

20y Any
n-+ — =
1+y (1+y)?

0, y

%

physical saddle corresponds to y=*

—-n
o pA-1/2 / rn+1) .. [ N ()\ _2- /A= 4))]
Jn (%) 5 taatm® * (fluctuation) ~ n e >

typical operator size of O, to be of order ? ~ Kn*

(@) /\ (B °
0.1000

TEIE T T BB =
- deeligusast it 2E @ =
= .-..-.:.._..-.:. : [
~ 0.0125 $oise JeRelei eie o 5 S : = -150
= gees e asiS e i § 8 =)
StaSece Blim tis 2 2
SUsfel te i g

< numerical result
saddle analysis

—0.0750 ’ v v V
—300

2.4 2.8 32 3.6 4.0 4.4 4.0 5.2 6.4 7.6 8.8 10.0




Supplementary: size-distribution MBL

MBL
0d(t) = etfltgletHt = 1_[ (cos(Z]Ojt) + iSiH(Z]Ojt)O'ZOO'Zj) (cos(2hgt) + isin(2hyt) a?)
Jj#0
Z(ty, t2, 1) = Tr|o9(t)e Vol (ty)]
=Tr {0,? 1_[ (cos(Z]OJ tl) + lsm(Z]O] tl) ) (cos(ZhOtl) + i sin(2hyty) o, )
Jj#0

X e N G0 H(COS(ZIOth) + i5in(2Joxt2) 07 05 ) (cos(2hoty) + i sin(2hot,) UZO)}
Kk#0

each cos(Z]Ojt) corresponds to an identity operator on j, each sin(Z]Ojt) indicates azj
cos(2hyt) or sin(2hyt) differ by interchanging o2 and ¢9. Taking trace pairs up 6% (¢ ) Pauli strings
neglect all cross terms between sine and cosine

Z(wty,ty) =e M cos(ZhO(t1 — tz)) 1_[ O(COS(ZJOjt1) cos(Z]Ojtz) + e H sin(2]0jt1) sin(2]0jt2))
j#

first e™™ comes from the zeroth site. Additional e ™™ appears along aZj

1—e™H
Z(uty, ) = e " cos(2ho(t; — £5)) 1_[ l cos (2;(ts +1t5)) +
Jj#0

e_u

cos (Zoj(tl — tz))]

MU _lil —u _ll
_ p—Mp—2h%(ty—tp)? 1_[ (1 € p—2/2(t1+ta)%e ¢ l+e e—2J%(t1—ty)%e f)
Jj#0 2 2



Supplementary: size-distribution MBL

MBL
b

— ¥ —u _ oM _lil
Z(u ty, tz)eyT(tfH%) _ oYtitz it 1_[ (1 te n 1-e o—8J%t1tze f)
j#0 2 2

_Ljl
y? = 4]22 e & +4h?
j#0
this is only a function of t;t,,s0 K,,,,, (£ ) is exactly diagonal
|jl

8%t t,e & > 1gives (1+e7M)/2 Indicating equal probability between o’ and /

_ll
8J%tt,e & K 1gives1

1+ e_u>zzln(812t1tz)

2
Z(uy tll tZ)eyT(t%-l-t%) ~ ey2t1t2€_u ( 2

— Y titap—M(t1t2) z B(M(tit,),£)e HE+D
1

2¢. ¢, )"
=Ze—w—lz (ata) K,.(f)
1 n n!

M(t,t,) = 281In(8/%t,t,) and B(M, 1) is the binomial coefficient



Supplementary: size-distribution MBL

MBL

n'f  dx
Knn (€) ~ 21ti f xn+1

2
2M(x/y?) X =vhb

B(M(x/y?), ¢ - 1>] o

B(M, ¢) _(f-M/2)"

For (M, ©) both large and of the same order i ~(MM/2)" /2, M/2

(e-em(% >> -3 (s (L) )

K(f) =~ nifjgdx exp| —(n+1)Inx+x —
2T 61n<8]2 ) 2 y2

Rescale = Alnn, x* = n+..

_ 12
K,,,(£) ~ Aexp <— @ ;) In n)

operator-size distribution of 0,, is Gaussian, £ ~ £lnn

Kmn(£) = £(0,,| P(£) |0,, ) = €(P(£)0,,, P(£)0,, ) X 8y,
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